We relate the average long time probability of finding a quantum walker at a node to that for a corresponding classical walk. The latter is proportional to the node degree. We replace the state dependence of quantum evolution by a partial order, bounding the quantumness of the walker in terms of the energy of the initial state and the spectral gap of the complex network. For a uniform initial state, we identify complex network classes and regimes for which the classical degreedependent result is recovered and others for which quantum effects dominate. The importance of quantum effects, or the quantumness of a complex network, is given by the Rényi entropy of order 1/2 of the normalized weighted degrees, which can be upper bounded by the Shannon entropy.
I. INTRODUCTION
The distribution of degrees in a network links phenomena observed in an assortment of physical systems [1] [2] [3] [4] [5] , ranging from the Internet [6, 7] to social or ecological networks [8] [9] [10] . Here we take the degree (called strength by some) of a node to be the centrality measure given by the sum of the weighted and undirected connections to its neighbors. The degree distribution gives the frequency with which nodes take degree values. A well known example of the importance of degree distribution in physical processes stems from the steady state of a classical stochastic walk, where the long time probability of finding a walker at each node is proportional to the degree of that node [4] . Here we show that the degree distribution appearing in classical walks also plays a central role in corresponding quantum walks.
By doing so, we build on the traditional theory of complex networks, which, through a growing number of recent works has been applied in various ways within quantum mechanics, including [11] [12] [13] [14] [15] [16] [17] [18] . In particular, quantum walks have been considered on complex networks [11] [12] [13] [17] [18] [19] [20] [21] . Quantum walks are a powerful tool to simulate and study transport properties on quantum systems [22] [23] [24] and date as far back as Feynman [25, 26] . Moreover, the unitary dynamics of any discrete quantum system can be re-expressed and interpreted as a singleparticle quantum walk.
In this work we study the long time average probability of finding a walker at a node during a continuous-time unitary quantum walk. In doing so we overcome the first challenge to analyzing unitary quantum walks, as opposed to some open quantum walks (see e.g. [27, 28] ), which is the lack of a long time stationary state. We find that for a walker with zero energy the long time average probability distribution for a wide class of quantum walks is equal to that of a corresponding classical walk. This is related to the node degrees. The energy of the walker upper bounds the difference between the quantum and classical distributions-what we call the network quantumness of the walk. By giving partial order to the states of the walk in terms of energy, we overcome the second challenge of understanding unitary quantum walks, which is the dependence on the initial state. Relating stochastic and quantum walks. An undirected weighted network (graph) G is represented by a symmetric, off-diagonal and non-negative adjacency matrix A. There is a projection sending A (by summing columns) to diagonal D with entries given by the weighted degree of the corresponding node. The node degrees are proportional to the steady state probability distribution of the continuous-time stochastic walk (with uniform escape rate from each node) generated by HC = LD −1 , where L = D − A is the Laplacian. The steady state probabilities, represented by the vector |π0 , are proportional to the node degrees. We generate a corresponding continuous-time unitary quantum walk by the Hermitian operator HQ = D −1/2 LD −1/2 , which is similar to HC. The probability of being in a node in the stochastic stationary state |π0 and the probability arising from the quantum ground state are respectively equal and proportional to, the node degree.
As an example, we both analytically and numerically study the walk resulting from an evenly distributed initial state. We find an additional connection to degree for this case, namely that the quantumness of the walk is itself controlled by the heterogeneity of the degrees, which we quantify in terms of Rényi entropy. These results are confirmed numerically for a range of complex network structures, including the Barabási-Albert (BA), Erdős-Rényi (ER), Watt-Strogatz (WS) and random geometric (RG) networks, providing further insight into the interplay between network topology and the observed average quantum effects. The numerics enable us to view the form of the quantum deviations to the zero energy/classical result. We find that in general they increase the probability of finding the walker at nodes with a small degree.
In Sec. II we formulate and study the problem analytically, first for a stochastic walk and then for a quantum walk. Following this, in Sec. III we confirm our analytical results for the quantumness of a quantum walk numerically and explore the way in which the quantum long time average deviates from the corresponding classical distribution. We conclude with a discussion in Sec. IV.
II. WALKS FRAMEWORK
We consider a walker moving on a connected network of N nodes, with each weighted undirected edge between nodes i and j described by the element A ij of the offdiagonal adjacency matrix A. The matrix is symmetric (A ij = A ji ) and has real, non-negative entries. We use Dirac notation and represent A = ij A ij |i j| in terms of N orthonormal vectors |i .
The network gives rise to both a quantum walk and a corresponding classical walk. The classical stochastic walk S(t) = e −HC t is generated by the infinitesimal stochastic (see e.g. Refs. [29] [30] [31] ) operator H C = LD −1 , where L = D − A is the Laplacian and D = i d i |i i| is defined by its diagonal elements, the degrees, d i = j A ij . For this classical walk, the total rate of leaving each node is identical. The corresponding unitary quantum walk U (t) = e −iHQt is generated by the Hermitian operator
For this quantum walk, the energies i|H Q |i at each node is identical. The generators H C and H Q are similar matrices, related by
. This mathematical framework, represented in Fig. 1 , underpins our analysis.
As we will describe in Sec. II A, the long time behavior of the classical walk generated by H C has been well explained in terms of its underlying network properties, specifically the degrees d i . Our goal in Sec. II B is to determine the role this concept plays in the quantum walk generated by H Q .
A. Classical Walks
In the classical walk the probability P i (t) of being at node i at time t is |P (t) = S(t)|P (0) , where |P (t) = i P i (t)|i . The stationary states of the walk are described by eigenvectors |π k i of H C with eigenvalues λ i equal to zero. We assume throughout this work that the walk is connected, i.e., it is possible to transition from any node to any other node through some series of allowed transitions. In this case there is a unique eigenvector |π 0 = |P C with λ 0 = 0, and λ i > 0 for all i = 0 [32] . This (normalized) eigenvector |P C = i (P C ) i |i describes the steady state distribution
In other words, the process is ergodic and after long times the probability of finding the walker at any node i is given purely by the importance of the degree d i of that node in the network underlying the process.
B. Quantum Walks
When considering quantum walks on networks, it is natural to ask what is the long time behavior of a quantum walker [11, 12, 33, 34] . The unitary evolution will not drive the system towards a steady state. Therefore, to obtain a static picture we consider the long time average probability (P Q ) i of being on node i, which reads
For ease of comparison with |P C we will also write the distribution in Eq. (3) as a ket |P Q = i (P Q ) i |i . Unlike the classical case, Eq. (2) depends on the initial state |Ψ(0) . Interference between subspaces of different energy vanish in the long time average so we obtain an expression for the probability (P Q ) i in terms of the energy eigenspace projectors Π j of the Hamiltonian H Q ,
Here Π j = k |φ k j φ k j | projects onto the subspace spanned by the eigenvalues |φ k j of H Q corresponding to the same eigenvalue λ j . In other words, the long time average distribution is a mixture of the distribution arising from each eigenspace, with the weights given by the overlap of the initial state with the eigenspaces. Due to the similarity transformation
the classical H C and quantum H Q generators share the same eigenvalues λ i ≥ 0, and have eigenvectors related by |φ . We plot the classical (PC )i (red dashed line) and quantum (PQ)i (black +) probabilities against the degree di for every node i. We overlay this with a plot of the average degree distribution P (d) against d for each network type (grey full line) along with the distribution for the specific realization used (grey +). For the BA network we also plot (PQ)i in the case that the internode weights are randomly varied with a Monte Carlo algorithm to reach ε = 0.6 (orange ×). We do not include a plot of the degree distribution for this network.
up to their normalizations, with |1 = i |i . Therefore the probability vector describing the outcomes of a measurement of the quantum ground state eigenvector |φ 0 in the node basis is the classical steady state distribution |π 0 = |P C . The state vector |P C appears in Eq. (3) for the quantum long time average distribution |P Q with weight | φ 0 | Ψ(0) | 2 . Accordingly we split the sum in Eq. (3) into two parts, the first we call the "classical term" |P C and the rest we call the "quantum correction" |P Q , as
The normalized quantum correction |P Q = i (P Q ) i |i is given by
and the weight
we call quantumness is a function both of the complex network topology and the initial state. We can think of the parameter ε, which controls the classical-quantum mixture, as the quantumness of |P Q for the following three reasons. First, the proportion of the elements in (P Q ) i that corresponds to the quantum correction is ε. Second, the trace distance between the normalized distribution (P C ) i and the unnormalized distribution (1 − ε)(P C ) i forming the classical part of the quantum result is also ε. Last, using a triangle inequality, the trace distance between the normalized distributions (P C ) i and (P Q ) i is upper bounded by 2ε.
This expression for the quantumness in Eq. (6) enables us to make some physical statements about a general (even mixed) initial state. By realizing that |φ 0 is the ground state and assuming a gap ∆ in the energy spectrum ∆ = min i =0 λ i , the above implies a bound E ≥ ε∆ for the quantumness ε of the walk in terms of the energy E = H Q of the system. We see that the classical stationary probability distribution will be recovered for low energies. This result provides a partial order bounding the quantumness of walker states in terms of the equivalence class of states sharing the same energy.
C. Degree Distribution and Quantumness
Quantumness is both a function of the network adjacency matrix and the initial state. To compare the quantumness of different complex networks, we fix the initial state |Ψ(0) . For our example we choose the even superposition state |Ψ(0) = |1 / √ N . This state has several appealing properties, for example, it is invariant under node permutations and independent of the arrangement of the network.
In this case the quantumness is given by the expression
where d = i d i /N is the average degree and
is the average root degree of the nodes. As such, the quantumness depends only on the degree distribution of the network and increases with network heterogeneity.
This statement is quantified by writing the quantumness
in terms of the Rényi entropy
where
To obtain an expression in terms of the (perhaps) more familiar Shannon entropy H 1 (obtained by taking the q → 1 limit of Eq. (9)), we recall that the Rényi entropy is non-increasing with q [35] . This leads to the upper bound
The quantumness approaches this upper bound in the limit that M nodes have uniform degree d i = M d /N and all others have d i = 0. This limit is never achieved unless M = N and ε = 0, e.g., a regular network. In another limit, the quantumness takes its maximum value ε = (N − 2)/N ≈ 1 when the degrees of two nodes are equal and much larger than those of the others (note that the symmetry of A prevents the degree of a single node from dominating). In the case that A ij ∈ {0, 1}, i.e., the network underlying the walks is not weighted, the quantumness of a connected network is more restricted. It is maximized by a walk based on a star networkwhere a single node is connected to all others. For a walk of this type ε = 1/2 − √ N − 1/N ≈ 1/2. Next Sec. III we confirm the above analytical findings numerically and at the same time numerically study the form of the quantum correction |P Q given by Eq. (5) for a range of complex network types.
III. NUMERICAL RESULTS
We consider walkers on general classes of networks, each with a fundamentally different complex network topology. To start, we consider non-weighted binary networks A ij ∈ {0, 1} with N = 500 nodes and average (9)) for the four different networks considered in Fig. 2 as well as random regular (RR) (a network with the same degree for each node, in this case we consider a 6-regular network) and star (ST) networks (black +). We also plot ε and H1 for the BA network in the case that the internode weights are randomly varied using M iterations, for increasing M (bottom to top, gray to orange ×). The quantumness ε increases and entropy H1 decreases with M . The red dashed line represents the upper bound of Eq. (10).
degree d ≈ 6. If a disconnected network is obtained, only the giant component is considered. Specifically we consider the BA scale free network [1], the ER [36] and the WS [37] small world networks, and the RG (on a square) [38] , a network without the scale free or small world characteristics.
The long time average probability of being on each node i is plotted against its degree d i for a quantum (P Q ) and stochastic (P C ) walk in Fig. 2 . The two cases are nearly identical for these binary networks and the evenly distributed initial state, illustrating that the quantumness ε is small. We have in fact calculated the quantumness directly for each network type, yielding ε = 0.130, 0.043, 0.016, 0.040 for the BA, ER, WS and RG networks, respectively. Within these, the BA network shows the highest quantum correction. This is expected since the BA network has the higher degree heterogeneity. The WS network, which is well known to have quite uniform degrees [39] , is accordingly the network with the lowest quantum correction.
For many of the network types the typical quantumness can be obtained from the expected (thermodynamic limit) degree distribution. In the BA network, the degree distribution approximately obeys the continuous probability density
. Integrating this to find the moments, results in ε = 1/9, which is independent of the average degree d and is compatible with our numerics. The degree distributions of the ER and RG networks both approximately follow the Poisso-
! for large networks, which explains the similarity of their quantumness ε values. For d = 6 we recover ε ≈ 0.046, which is compatible with the values for the particular networks we generated. From the general form, calculating the quantumness numerically and performing a best fit we find The size of the quantum effects can be enhanced by introducing heterogeneous weights A ij within a network. We have done this for a BA network using M iterations of the following procedure. A pair of connected nodes is randomly selected then the associated weight is doubled of halved at random. As anticipated, large M implies a large discrepancy between the classical and quantum dependence of the long time average probability on degree was found, illustrated in Fig. 2 . As M is increased, the quantumness approaches the bound given in Eq. (10), as shown in Fig. 3 . In fact, most networks are found close to saturating this bound, especially for low quantumness.
Finally, our numerical calculations reveal the behavior of the quantum partP Q of the long time average node occupation. We find that the quantum part enhances the long time average probability of being at nodes with small degree relative to the classical part. More precisely (P Q ) i /(P C ) i exhibits roughly (d i )
−κ3 scaling, with κ 3 ≈ 1, as shown in Fig. 4 . Interestingly, there is a correlation between the amount of enhancement, given by κ 3 , and the type of complex network. The network types with smaller diameters (order of increasing diameter: BA, then ER and WS, then RG) have the smallest κ 3 , and the quantum parts enhance the low degree nodes least. Moreover, the enhancement κ 3 seems to be quite independent of the internode weights. Thus our numerics show a qualitatively common quantum effect for a range of complex network types. Quantitative details vary between the network types, but appear robust within each type.
IV. DISCUSSION
We have studied both analytically and numerically the average long time probability distribution for the location of a quantum walker on a complex network. Specifically we compared this to the analogous result for a classical walker, in which the probability distribution is given by the normalized degrees. We showed that the classical result emerges from the quantum dynamics for low energies. In particular, for the evenly distributed initial state the size of the difference between the two (the quantumness) depends only on the degrees. This shows that degree distribution can be as important and illuminating in quantum walks as in their classical counterparts, and guides us to regimes in which quantum effects are more or less prominent. Our numerics show that for a remarkably diverse types of network the quantum effects are qualitatively similar; they acted to reduce the degree dependence of the average probability of a walker being on a node. 
